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This paper considers the magneto-electro-mechanical coupling between an inclusion and matrix, which
are both of magnetoelectroelastic materials. The general cases including the mode I, mode II and mode III
are studied. Analytical solutions for an elliptical cylinder inclusion inside an inﬁnite magnetoelectroelas-
tic medium under combined mechanical–electrical–magnetic loadings are formulated via the Stroh for-
malism. Crack problem is also investigated and the stress, electric and magnetic ﬁelds in the vicinity of
the crack tip are determined by a complex vector of intensity factors. Various special cases, including an
impermeable inclusion, a permeable crack, a rigid and permeable inclusion, a rigid and permeable line
inclusion, a permeable cavity, and an impermeable cavity are discussed.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
The mechanical reliability of piezoelectric/piezomagnetic com-
posite becomes increasingly important as they are used in more
and more sophisticated areas, such as intelligent devices (Avellan-
eda and Harshe, 1994). The performances of intelligent devices
whose responses depend upon the electro/magnetic coupling are
receiving more and more attention. Therefore, there has been tre-
mendous interesting in studying the fracture behavior and fracture
mechanics of those materials. There are some pioneering investiga-
tions for various crack problems for magnetoelectroelastic fracture.
For example, a series of solutions for general cracking mechanics of
magnetoelectroelastic solids were obtained in the works of Zhong
and Li (2007), Sladek et al. (2008), Zhao et al. (2006), Hu et al.
(2007), Gao et al. (2003). Magnetoelectroelastic analysis for a pen-
ny-shaped crack in a magnetoelectroelastic material was investi-
gated in the work of Feng et al. (2007a,b), Tian and Rajapakse
(2008) and Zhong and Li (2008a). Zhao et al. (2007), Kirilyuk
(2008) and Zhao et al. (2008a) studied plane crack of arbitrary
shape. The crack analysis of the three-dimensional two-phase
transversely isotropic magnetoelectroelastic media was performed
by Zhao et al. (2008b). A three-dimensional crack problem in elec-
tromagnetothermoelastic multiphase composites under extended
loads was investigated by Zhu and Qin (2007). Shear crack in trans-
versely isotropic magnetoelectroelastic media was investigated by
Tupholme (2008, 2009). Using integral transform method, Singhll rights reserved.
at Shenzhen, Harbin Institute
a.
1@hotmail.com (B.-L. Wang).et al. (2009) developed closed-form solutions for anti-plane
mechanical and in-plane electric and magnetic ﬁelds for two col-
linear cracks in magneto-electro-elastic layer of ﬁnite thickness
under the conditions of permeable crack faces. Further, Zhong
et al. (2009) undertook a dynamic analysis of two collinear elec-
tro-magnetically dielectric cracks in a piezoelectromagnetic mate-
rial under in-plane magneto-electro-mechanical impacts. The
solutions to two or four parallel permeable cracks in magnetoelec-
troelastic composite materials were derived by Zhou et al. (2008)
and Zhang et al. (2007). Liang et al. (2002) studied the magneto-
elastic coupling effect in an inﬁnite soft ferromagnetic material
with a crack. Zhong and Li (2008b) considered the T-stress near a
cracked tip in a magnetoelectroelastic solid. Crack propagating
along the interface of two dissimilar magnetoelectroelastic materi-
als was studied by Zhong and Li (2006). Furthermore, magneto-
electroelastic fracture was considered for the case of thermal
loading (Feng et al., 2008) and transient loading (Feng and Pan,
2008; Liu et al., 2005). Zhu et al. (2009) presented an extended
hypersingular integro-differential equation method for modeling
the 3D interface crack problem in fully coupled electromagneto-
thermoelastic anisotropic multiphase composites under extended
electro-magneto-thermo-elastic coupled loads.
Most of the previous works emphasized on the investigations of
cavity ﬁlled with air (or vacuum). Inclusion problems also receive
more and more attention. A spheroidal inclusion in a magnetoelec-
troelastic material was considered by Hou and Leung (2004). The
magnetoelectroelastic Eshelby tensors with reinforced ellipsoidal
inclusions were studied by Huang et al. (1998). The dynamic
potentials of a quasi-plane magnetoelectroelastic medium of trans-
versely isotropic symmetry with an inclusion of arbitrary shape
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the two-dimensional inclusions of arbitrary shape in magneto-
electroelastic composite materials. General inclusion problems of
anisotropic and fully coupled magnetoelectroelastic solids were
studied analytically by Jiang and Pan (2004). Li et al. (2009)
achieved analysis of the mode III elliptic inclusion in transversely
isotropic magnetoelectroelastic materials and gave expressions
for the ﬁeld variables in the matrix and the inclusion.
In this paper, we will discuss the problem that both the inclu-
sion and matrix are magnetoelectroelastic materials under three
loading conditions (those are mode I, mode II and mode III). A com-
plex variable solution for the general case in an inﬁnite medium is
established. The paper is organized as follows: the mechanical,
electric and magnetic ﬁelds for magnetoelectroelastic materials
with an elliptical cylinder inclusion under combined mechanical,
electric and magnetic are formulated in Section 2. Solutions for
some special cases are given Section 3. The solution for the elliptic
cavity is given in Section 4. General expressions for crack-tip ﬁelds,
such as ﬁeld intensity factors are obtained in Section 5. Field quan-
tities along interface between the inclusion and the matrix are gi-
ven in Section 6. The conclusions of the paper are drawn in
Section 7.
2. Solutions for an elliptical cylinder inclusion
Under mechanical, electric and magnetic loads, the ﬁeld equa-
tions for a linear magnetoelectroelastic medium are given as
follows:
Constitutive equations:
rij ¼ cijklekl  ekijEk  hkijHk; Di ¼ eiklekl þ 2ikEk þ bikHk;
Bi ¼ hikl2kl þ bikEk þ sikHk: ð1Þ
Divergence and gradient equations:
eij ¼ 12 ðui:j þ uj;iÞ; Ei ¼ /;i; Hi ¼ u;i: ð2Þ
Equilibrium equations:
rij;j ¼ 0; Di;i ¼ 0; Bi;i ¼ 0; ð3Þ
where ui; / and u are the elastic displacement components, elec-
tric potential and magnetic potential, respectively;
rij; eij; Di; Ei; Bi and Hi are the components of stress, strain, electri-
cal displacement, electric ﬁeld, magnetic induction and magnetic
ﬁeld, respectively; cijkl; ekij; hkij and bik are elastic, piezoelectric,
piezomagnetic and electromagnetic constants, respectively;Fig. 1. (a) Remote mechanical, electric and magnetic loads in the z-2ik and sik are dielectric permitivities and magnetic permeabilities,
respectively.
When ui are functions of x1 and x2 only, the general solution is
given by ui ¼ Aif ðzÞ, where z ¼ x1 þ px2 (see Appendix A for de-
tails). Consider an inﬁnite magnetoelectroelastic material contain-
ing an elliptical cylinder inclusion x21=a
2 þ x22=b2 ¼ 1
 
under
combined magnetic–electric–mechanical loadings, as shown in
Fig. 1(a), where a and b are, respectively, the major and minor
semi-axes of the ellipse. The electric and magnetic loadings are
in-plane mode, while the mechanical loading can be in-plane ten-
sion and/or shear (mode I and/or mode II), and/or anti-plane shear
(mode III).
The boundary conditions along the interface have the following
forms:
rmn ¼ rcn; Dmn ¼ Dcn; Bmn ¼ Bcn; cms ¼ ccs ; Ems ¼ Ecs ; Hms ¼ Hcs ;
ð4Þ
where cij ¼ 2eij,the superscripts m and c refer to ‘in matrix’ and ‘in
inclusion’, subscripts n and s mean, respectively, perpendicular
and parallel to the surface.
The general solution for a magnetoelectroelastic material is gi-
ven by Eq. (A11) in Appendix A. In each of the ﬁve za-planes, where
za ¼ x1 þ pax2 and pa is the eigenvalues with positive imaginary
part, the ellipse is distorted.
Deﬁne Ra ¼ ða ipabÞ=2 and ma ¼ ðaþ ipabÞ=ða ipabÞ, then
the conformal mapping function
za ¼ Ra wa þmawa
 
; ð5Þ
which maps the ellipse in the za-plane to a unit circle in the wa-
plane, and the line segment (c,c) in the za-plane is mapped to a
circle with a radius
ﬃﬃﬃﬃﬃﬃ
ma
p
in the wa-plane, as shown in Fig. 1(b).
The inverse mapping function of Eq. (5) is
wa ¼ za þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2a  c2a
p
2Ra
; ð6Þ
where c2a ¼ a2 þ p2ab2. As expected, Eq. (6) yields wa ¼ eihðp <
h 6 pÞ, when za ¼ a cos hþ pab sin h, i.e. along the elliptical surface.
Now, the problem in the za-plane can be solved by mapping the
ellipse to the circular ring in the wa-plane. The boundary condi-
tions along the surface of the inclusion can be expressed in terms
of the extended functions (see Appendix A for details)
wmj ¼ wcj ; umj ¼ ucj ; j ¼ 1;2;3;4;5: ð7Þplane; (b) Mapping the ellipse into a unit circle in the w-plane.
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and vector fc in the inclusion can be expressed as
f ma ¼ Rma aa1wma þ
aa2
wma
 
; f cb ¼ Rcb bb1wcb þ
bb2
wcb
 !
; ð8Þ
where a, b = 1,2,3,4,5, aa1; aa2; bb1 and bb2 are also constants to be
determined by the boundary conditions. Here and after, some
expressions are given as follows:
Rma ¼ a ipma b
 
=2; Rcb ¼ a ipcbb
 
=2;
mma ¼ aþ ipma b
 
= a ipma b
 
; mcb ¼ aþ ipcbb
 
= a ipcbb
 
;
wma ¼
zma þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzma Þ2  ðcma Þ2
q
2Rma
; wcb ¼
zcb þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzcbÞ2  ðccbÞ2
q
2Rcb
;
ð9Þ
where ðcma Þ2 ¼ a2 þ ðpma Þ2b2; ðccbÞ2 ¼ a2 þ ðpcbÞ2b2; zma ¼ x1 þ pma x2;
zcb ¼ x1 þ pcbx2; pma ; pcb are eigenvalues with positive imaginary part
in matrix and inclusion, respectively.
To ensure stress, electric and magnetic ﬁelds are single-valued
along the line segment in the zcb-plane; they must require that
f cb
ﬃﬃﬃﬃﬃﬃ
mcb
q
eih
 
¼ f cb
ﬃﬃﬃﬃﬃﬃ
mcb
q
eih
 
; ð10Þ
in the wcb-plane, where h is the polar angle.
The boundary conditions along the unit circle, i.e. Eq. (4)
requires
Lmji a

i1 þ Lmji ai2 ¼ Lcjibi1 þ Lcjibi2; Amji ai1 þ Amji ai2 ¼ Acjibi1 þ Acjibi2: ð11Þ
Solving Eqs. (10) and (11), the constants a2;b

1 and b

2 can be ex-
pressed in terms of a1.
a2 ¼ V1V1a1 þ V1V2a1;
b1 ¼M1ðU2Þ1 U1a1 þ U3a2
	 

; b2 ¼Mb1; ð12Þ
where
a1 ¼ ða11; a21; a31; a41; a51ÞT ; a2 ¼ ða12; a22; a32; a42; a52ÞT ;
b1 ¼ ðb11; b21; b31; b41; b51ÞT ; b2 ¼ ðb12; b22; b32; b42; b52ÞT ;
ai1 ¼ Rmi ai1; ai2 ¼ Rmi ai2; bi1 ¼ Rci bi1; bi2 ¼ Rci bi2;
U1 ¼ Lc
 1
Lm  Ac
 1
Am; U2 ¼ Lc
 1
Lc  Ac
 1
Ac;
U3 ¼ Lc
 1
Lm  Ac
 1
Am; V1 ¼ U11 U3  U11 U3
 1
;
V ¼ U11 U2M1U12 U3  U11 U2M1U12 U3
 1
;
V2 ¼ U3
 1
U2M U2
 1
U3  U11 U2M1U12 U1; M ¼ mcb
D E
;
ð13Þ
where h i denotes a diagonal matrix, the superscript ‘‘1” means re-
ciprocal of a matrix. The constant vector a1 can be determined from
remote loading conditions. For a mode III crack in a magnetoelectro-
elastic material, there are eight combinations of elastic, electric and
mechanical loadings applied along the x2-axis (Li et al., 2009). For
an inﬁnite domain, in general, the remote electric loading is electric
ﬁeld strength Ei or electric displacement Di; the remote magnetic
loading is magnetic ﬁeld strength Hi or magnetic induction Bi, while
the remotemechanical loadingsare stressesrij or strains eij, as shown
in Fig. 1(a). As they are connected by constitutive equations, only one
of each counterpart pair is required to determine the constant vector
a1. The remote extended stresses and strains are given by
lim
z!1
Rm1 ¼ Lm pma
 
a1  Lm pma
 
a1 ¼ R11 ;
lim
z!1
Rm2 ¼ Lma1 þ Lma1 ¼ R12 ; limz!1 S
m ¼ ðCmÞ1 lim
z!1
Rm ¼ S1;
ð14Þwhere the superscript ‘‘1” refers to the remote applied extended
loads, Sm is the extended strain tensor, Cm is the extended elastic
constant tensor, and
Rm1 ¼ rm11;rm21;rm31;Dm1 ;Bm1
 T
;
Rm2 ¼ rm12;rm22;rm32;Dm2 ;Bm2
 T
:
ð15Þ
The extended displacements and stresses in the matrix material and
in the inclusion are obtained as
um ¼ Amfm þ Amfm; Rm2 ¼ Lmfm;1 þ Lmfm;1; Rm1 ¼ Lmfm;2 þ Lmfm;2; ð16Þ
uc ¼ Acfc þ Acfc; Rc2 ¼ Lcfc;1 þ Lcfc;1;Rc1 ¼ Lcfc;2 þ Lcfc;2; ð17Þ
where
fm ¼ ðf m1 ; f m2 ; f m3 ; f m4 ; f m5 ÞT ; fm;1 ¼ ofm=ox1;
fc ¼ ðf c1 ; f c2 ; f c3 ; f c4 ; f c5 ÞT ; fc;1 ¼ ofc=ox1;
fm;2 ¼ Pmfm;1 ; Pm ¼ pma
 
; fc;2 ¼ Pcfc;1; Pc ¼ pcb
D E
;
f ma ¼ aa1g1ðzma Þ þ ðRma Þ2aa2h1ðzma Þ; f ma;1 ¼ aa1k1ðzma Þ  ðRma Þ2aa2l1ðzma Þ;
f cb ¼ bb1g2ðzcbÞ þ ðRcbÞ2bb2h2ðzcbÞ ¼ bb1zcb; f cb;1 ¼ bb1;
g1ðzma Þ ¼
zma þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzma Þ2  ðcma Þ2
q
2
; g2ðzcbÞ ¼
zcb þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzcbÞ2  ðccbÞ2
q
2
;
k1ðzma Þ ¼
zma þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzma Þ2  ðcma Þ2
q
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzma Þ2  ðcma Þ2
q ; h1ðzma Þ ¼ 1g1ðzma Þ ; h2ðzcbÞ ¼
1
g2ðzcbÞ
;
l1ðzma Þ ¼
2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzma Þ2  ðcma Þ2
q
zma þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzma Þ2  ðcma Þ2
q  :
ð18Þ
The extended strains can be calculated from the stress–strain corre-
lation or from the extended displacements (see Appendix A for
details).
For inclusion, deﬁne the extended strain cc1; cc2; cc3, the extended
electric ﬁeld strength Ec , the extended magnetic ﬁeld strength Hc as
cc1 ¼ cc12 þ pc1cc11 ¼ 2pc1
duc1
dzc1
; cc2 ¼ cc22 þ pc2cc21 ¼ 2pc2
duc2
dzc2
;
cc3 ¼ cc32 þ pc3cc31 ¼ 2pc3
duc3
dzc3
; Ec ¼ Ec2 þ pc4Ec1 ¼ 2pc4
duc4
dzc4
;
Hc ¼ Hc2 þ pc5Hc1 ¼ 2pc5
duc5
dzc5
:
ð19Þ
By Eq. (19), we have that
cc1; c
c
2; c
c
3;Ec;Hc
 T ¼ 2Pc Acb1 þ Acb1 : ð20Þ
Eq. (20) indicates that the elastic, electric and magnetic ﬁelds in the
inclusion material are uniform and vary with the shape of the el-
lipse. This case is similar to that for mode III inclusion and more de-
tailed discussions are given in Li et al. (2009).
3. Several special cases
Section 2 is the general solution for an elliptic inclusion in an
inﬁnite matrix. The matrix and the inclusion can be different mate-
rials of any properties. Some special cases are discussed below.
3.1. The matrix and the inclusion are identical material
In this case, Cm ¼ Cc . This implies that Am ¼ Ac; Lm ¼ Lc;
mma ¼ mcb and Rma ¼ Rcb. By Eqs. (12) and (13)
a2 ¼Ma1; a1 ¼ b1; b2 ¼Mb1: ð21Þ
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are found to be identical and are:
u ¼ Af þ Af; R2 ¼ Lf ;1 þ Lf ;1; R1 ¼ Lf ;2 þ Lf ;2; ð22Þ
where
f ¼ a11z1; a21z2; a31z3; a41z4; a51z5ð ÞT ; f ;1 ¼ a1; f ;2 ¼ Pma1: ð23Þ
The corresponding strain, electric and magnetic ﬁelds will be uni-
form throughout the medium. The inclusion does not disturb the
mechanical, electric or magnetic ﬁelds.
3.2. b approaches zero
In this case, mma ¼ mcb ¼ 1; Rma ¼ Rcb ¼ a=2; ðcma Þ2 ¼ ðccbÞ2 ¼ a2.
The constants inside the matrix are found to be a2 ¼ a1. By Eqs.
(16)–(18), the extended displacements and the extended stresses
in the matrix material are obtained as
um ¼ Amfm þ Amfm;Rm2 ¼ Lmfm;1 þ Lmfm;1;
Rm1 ¼ Lmfm;2 þ Lmfm;2;
ð24Þ
where
fm ¼ a11z1; a21z2; a31z3; a41z4; a51z5ð ÞT ; fm;1 ¼ a1; fm;2 ¼ Pma1; ð25Þ
which are same as the case of homogeneous material given in Sec-
tion 3.1. The strain, electric and magnetic ﬁelds are uniform
throughout the medium.
3.3. Rigid, permeable inclusion
In this case, diagCc !1 as compared with Cm. Since the inclu-
sion is rigid, there is no extended strain along the interface. There-
fore, in Eq. (11), Acjib

i1 þ Acjibi2 ¼ 0. Thus, we have a2 ¼ ðAmÞ1Ama1,
and then we also obtain the expressions of extended displace-
ments and extended stresses by Eqs. (16) and (18).
um ¼ 2Re Am g1ðzma Þ
 
a1
  2Re Am Rma h1ðzma Þ ðAmÞ1Ama1n o;
Rm1 ¼ 2Re LmPm k1ðzma Þ
 
a1
 þ 2Re LmPm Rma l1ðzma Þ ðAmÞ1Ama1n o;
Rm2 ¼ 2Re Lm k1ðzma Þ
 
a1
 þ 2Re Lm Rma l1ðzma Þ ðAmÞ1Ama1n o;
ð26Þ
where the expressions of g1; h1; k1 and l1 are given in Eq. (18).
3.4. Rigid and permeable line inclusion
Rigid and permeable line inclusion is a special case of Sec-
tion 3.3, for which b is zero. If b approaches to zero, the conditions
mma ¼ mcb ¼ 1; ðcma Þ2 ¼ ðccbÞ2 ¼ a2 and Rma ¼ Rcb ¼ a=2 hold (see Sec-
tion 3.2). Further, if the inclusion is rigid, we have
Acjib

i1 þ Acjibi2 ¼ 0 and a2 ¼ ðAmÞ1Ama1 (see Section 3.3). There-
fore, from Eq. (26), the extended displacements and the extended
stresses in the matrix material are obtained as
um ¼ 2Re Am g1ðzma Þ
 
a1
  2Re Am a2
4
h1ðzma Þ
 
ðAmÞ1Ama1
 
;
Rm1 ¼ 2Re LmPm k1ðzma Þ
 
a1
 þ 2Re LmPm a2
4
l1ðzma Þ
 
ðAmÞ1Ama1
 
;
Rm2 ¼ 2Re Lm k1ðzma Þ
 
a1
 þ 2Re Lm a2
4
l1ðzma Þ
 
ðAmÞ1Ama1
 
;
ð27Þwhere
g1ðzma Þ ¼
zma þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzma Þ2  a2
q
2
; h1ðzma Þ ¼
2 zma 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzma Þ2  a2
q 
a2
;
k1ðzma Þ ¼
zma þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzma Þ2  a2
q
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzma Þ2  a2
q ; l1ðzma Þ ¼
2 zma 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzma Þ2  a2
q 
a2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzma Þ2  a2
q :
ð28Þ
These are the results for a rigid and permeable line inclusion in an
electromagnetoelastic material. In particular, if we let x2 ap-
proaches zero, then zma ¼ x1, Eq. (27) would give the extended dis-
placements and the extended stresses in the matrix material on
the x1 axis as follows:
um ¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21  a2
q
ReðAma1Þ;
Rm1 ¼
x1 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21  a2
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21  a2
q Re LmPma1ð Þ
þ
x1 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21  a2
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21  a2
q Re LmPmðAmÞ1Ama1 ;
Rm2 ¼
x1 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21  a2
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21  a2
q Re Lma1ð Þ
þ
x1 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21  a2
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21  a2
q Re LmðAmÞ1Ama1 :
ð29Þ3.5. Soft and permeable inclusion (permeable cavity)
In this case, the boundary conditions along the interface have
the following forms:
rmn ¼ 0; Dmn ¼ Dcn; Bmn ¼ Bcn; Ems ¼ Ecs ; Hms ¼ Hcs : ð30Þ
Since only electric and magnetic ﬁelds exists in the inclusion, the
equilibrium and constitutive equation are, respectively, reduced
to
C
r2/c
r2uc
( )
¼ 0; ð31Þ
Dci
Bci
( )
¼ C
o/c
oxi
ouc
oxi
8<
:
9=
;; i ¼ 1;2; ð32Þ
where
C ¼ 2
c bc
bc sc
 
; ð33Þ
where bc is the electromagnetic constant, 2c and sc are dielectric
permittivity and magnetic permeability, respectively. Electric and
magnetic ﬁelds inside the inclusion are treated isotropically. The
general solutions to Eq. (31) are
/c ¼ UðzÞ þUðzÞ; uc ¼ CðzÞ þ CðzÞ; ð34Þ
where UðzÞ; CðzÞ are complex analytical functions of z with
z ¼ x1 þ ix2.
Deﬁne the complex electric ﬁeld, Ec , electric displacement, Dc ,
magnetic ﬁeld, Hc ,and magnetic induction, Bc.
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dU
dz
; Hc ¼Hc1 iHc2 ¼2
dC
dz
;
Dc ¼Dc1 iDc2 ¼2 2c
dU
dz
þbc dC
dz
 
; Bc ¼ Bc1 iBc2 ¼2 bc
dU
dz
þsc dC
dz
 
:
ð35Þ
Next we will determine U, C, similarly introduce the mapping
function
z ¼ R wþm
w
 
; ð36Þ
which maps the ellipse in the z-plane to a unit circle in the w-plane,
where w ¼ v1 þ iv2; R ¼ ðaþ bÞ=2 and m ¼ ða bÞ=ðaþ bÞ. The line
segment (c,c) in thez-plane is mapped to a circle with a radius ﬃﬃﬃﬃmp
in the w-plane, as shown in Fig. 1(b), where c2 ¼ a2  b2.
To ensure electric and magnetic ﬁelds are single-valued along
the line segment in the z-plane; they must require that
U
ﬃﬃﬃﬃ
m
p
eih
  ¼ U ﬃﬃﬃﬃmp eih ; C ﬃﬃﬃﬃmp eih  ¼ C ﬃﬃﬃﬃmp eih ; ð37Þ
in the w-plane. The inverse mapping function of Eq. (36) is
w ¼ zþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  c2
p
2R
: ð38Þ
The boundary conditions along the surface of the inclusion can be
expressed in terms of the extended functions
wmi ¼ 0; i ¼ 1;2;3
wm4 ¼ i2c UU
  ibc C C ;
wm5 ¼ ibc UU
  isc C C ;
um4 ¼ /c;
um5 ¼ uc:
ð39Þ
The complex potential U, C has the following form
U ¼ Rc1 wþmw
 
; C ¼ Rc2 wþmw
 
; ð40Þ
where c1 and c2 are constants to be determined. The component of
vector fm in matrix have been given in Eq. (8). So the boundary con-
ditions along the unit circle, i.e. Eq. (39) require
Lmji a

i1 þ Lmji ai2 ¼ 0; j ¼ 1;2;3;
Lm4ia

i1 þ Lm4iai2 ¼ i2c c1 mc1ð Þ  ibc c2 mc2ð Þ;
Lm5ia

i1 þ Lm5iai2 ¼ ibcðc1 mc1Þ  iscðc2 mc2Þ;
Am4ia

i1 þ Am4iai2 ¼ c1 þmc1;
Am5ia

i1 þ Am5iai2 ¼ c2 þmc2:
ð41Þ
Solving Eq. (41), the constants c1; c2 and a2 can be expressed in
terms of a1,
e¼iG1 IB4C
 1ðFþFÞLa1 imG1ðIþB4CÞ1ðFþFÞLa1; ð42aÞ
G¼ IB4C
 1ðIþB4CÞm2ðIþB4CÞ1ðIB4CÞ: ð42bÞ
a2 ¼ ðLmÞ1d ðLmÞ1Lma1; ð43Þ
where
e ¼ ðc1; c2ÞT ; F ¼ ðB3;B4Þ; d ¼ ð0; 0;0; d1; d2ÞT ;
d1 ¼ i2c c1 mc1ð Þ  ibc c2 mc2ð Þ;
d2 ¼ ibc c1 mc1ð Þ  isc c2 mc2ð Þ;
ai1 ¼
Rmi
R
ai1; ai2 ¼
Rmi
R
ai2;
ð44Þ
where B3 is the 2  3 matrix, B4 is the 2  2 matrix (see Appendix A
for details). Similarly, the constant vector a1 can be determined
form remote loading conditions. The remote extended stresses
and strains are given in Eq. (14).The extended displacements and stresses in the material are ob-
tain as
um ¼ Amfm þ Amfm; Rm2 ¼ Lmfm;1 þ Lmfm;1;
Rm1 ¼ Lmfm;2 þ Lmfm;2;
ð45Þ
where
f ma ¼
aa1 zma þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
zma
 2  ðcma Þ2
q 
2
þ 2R
2
aaa2
zma þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzma Þ2  ðcma Þ2
q ;
f ma;1 ¼ aa1 
4R2aaa2
zma þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzma Þ2  ðcma Þ2
q 2
0
BBB@
1
CCCA
zma þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzma Þ2  ðcma Þ2
q
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzma Þ2  ðcma Þ2
q ;
fm ¼ f m1 ; f m2 ; f m3 ; f m4 ; f m5
 T
;
fm;1 ¼ ofm=ox1; fm;2 ¼ Pmfm;1 ;Pm ¼ pma
 
:
ð46Þ
These are the results for a soft and permeable inclusion in a mag-
netoelectroelastic material. If the material constants hkij and bik
equal zero, the above results reduced to the solution of a soft and
permeable inclusion, which has been obtained previously by Zhang
et al. (1998).4. Impermeable elliptic cavity
Suppose the inclusion is a cavity such that it is impermeable to
the electric and magnetic ﬁelds. In this case,Cc ¼ 0, according to
constitutive equations, we know that the extended stressesPc
ij ¼ 0, so the stress, electric displacement and magnetic induc-
tion are zero inside the cavity. That is rcij ¼ Dci ¼ Hci ¼ 0. Now con-
sider the matrix, by Eq. (11), we have that a2 ¼ ðLmÞ1Lma1, which
is substituted into Eqs. (16) and (18) to obtain the expressions of
extended displacements and extended stresses in the matrix:
um ¼ 2Re Am g1ðzma Þ
 
a1
 
 2Re Am Rma h1ðzma Þ
 ðLmÞ1Lma1n o; ð47aÞ
Rm1 ¼ 2Re LmPm k1ðzma Þ
 
a1
 
þ 2Re LmPm Rma l1ðzma Þ
 ðLmÞ1Lma1n o; ð47bÞ
Rm2 ¼ 2Re Lm k1ðzma Þ
 
a1
 
þ 2Re Lm Rma l1ðzma Þ
 ðLmÞ1Lma1n o; ð47cÞ
where the expressions of g1; h1; k1 and l1 are given in Eq. (18).
If b approaches to zero so that the cavity becomes an imperme-
able crack, we have mma ¼ 1;Rma ¼ a=2; ðcma Þ2 ¼ a2; a1 ¼ aa1=2.
Accordingly, the following expressions can be obtained from Eq.
(47):
um ¼ 2Re Am g1ðzma Þ
 
a1
  2Re Am a2
4
h1ðzma Þ
 
ðLmÞ1Lma1
 
;
Rm1 ¼ 2Re LmPm k1ðzma Þ
 
a1
 þ 2Re LmPm a2
4
l1ðzma Þ
 
ðLmÞ1Lma1
 
;
Rm2 ¼ 2Re Lm k1ðzma Þ
 
a1
 þ 2Re Lm a2
4
l1ðzma Þ
 
ðLmÞ1Lma1
 
;
ð48Þ
where g1; h1; k1 and l1 have the same form as those given in Eq.
(28).
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tities on the x1 axis are obtained as follows:
um ¼ x1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21a2
q 
ReðAma1Þ x1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21a2
q 
Re AmðLmÞ1Lma1
 
;
Rm1 ¼
x1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21a2
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21a2
q Re LmPma1ð Þþ x1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21a2
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21a2
q Re LmPmðLmÞ1Lma1 ;
Rm2 ¼
2x1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21a2
q Re Lma1 :
ð49Þ
It should be mentioned that the case that b approaches zero here is
different from that in Section 3.2. In Section 3.2, the inclusion is re-
duce to vanish as bapproaches zero, then the upper and lower sur-
faces of the elliptical inclusion coincide and the inclusion vanishes.
In this Subsection, the upper and lower surfaces are always disjoint
asbapproaches zero.5. Elastic, electric and mechanical ﬁelds of a slit crack
(inclusion)
When b approaches zero, the cavity becomes a slit crack. The
corresponding solution can be obtained from the results of Sec-
tion 4. For simplicity, the superscript m for the matrix is ignored
here. When the cavity reduces to a slit crack, the extended dis-
placements and extended stresses have the same forms as given
by Eqs. (16) and (18) with fa; f a;1 and f a;2 being reduced to
fa ¼
aa1 zaþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2a a2
p 
2
þ a
2aa2
2 zaþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2aa2
p  ;
fa;1 ¼ aa1 a
2aa2
zaþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2aa2
p 2
0
@
1
Azaþ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃz2a a2p
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2aa2
p ; f a;2 ¼ pafa;1: ð50Þ
Deﬁne a complex stress intensity factor vector as
K ¼ lim
za!a
L
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðza  aÞ
pD E
f ;1; ð51Þ
for the right crack tip. Substituting Eqs. (16) and (50) into Eq. (51)
and we have that
K ¼
ﬃﬃﬃﬃﬃﬃ
pa
p
2
Lða1  a2Þ ¼
ﬃﬃﬃﬃﬃﬃ
pa
p
2
R12  k
 
; ð52Þ
where
k ¼ LV1V1a1 þ L þ LV1V2
 
a1: ð53Þ
Apparently, the magnetoelectroelastic coupling has a great inﬂu-
ence on the intensity factors. By Eq. (53), the magnetoelectroelastic
coupling can increase or reduce the constant k. Accordingly, the
intensity factors K can also be enhanced or weakened by the mag-
netoelectroelastic coupling through Eq. (52). From the modes I, II
and III intensity factors, the electric displacement intensity factor
and magnetic induction are twice the real part of the complex
intensity factor vector
K ¼ K þ K ¼ ﬃﬃﬃﬃﬃﬃpap R12  Rek ; K ¼ KII;KI;KIII;KD;KBð ÞT : ð54Þ
When the origin of the system is moved to the right crack apex of
the ellipse, we introduce new variables za ¼ za  a. Then, the elec-
tric, magnetic and mechanical ﬁelds near the right crack tip can
be expressed in terms of the complex stress intensity factors asR1 ¼ L paﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pza
p
* +
L1K  L paﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pza
p
* +
L1K;
R2 ¼ L 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pza
p
* +
L1K þ L 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pza
p
* +
L1K:
ð55Þ
The crack tip extended opening is calculated by Du ¼ uþ  u,
where the superscript ‘‘+” and ‘‘” represent the ‘‘upper” and ‘‘low-
er” crack surfaces. Substituting Eq. (16) into Du, we obtain the fol-
lowing expression:
Du ¼ a iðAa1  Aa1Þ  iðAa2  Aa2Þ
 
sin h; 0 6 h 6 p: ð56Þ
Near the crack tip, the extended displacements can be expressed in
terms of the complex vector of the intensity factors as
u ¼ A
ﬃﬃﬃﬃﬃﬃﬃ
2za
p
ﬃﬃﬃ
p
p
* +
L1K þ A
ﬃﬃﬃﬃﬃﬃﬃﬃ
2za
p
ﬃﬃﬃ
p
p
* +
L1K: ð57Þ
The extended crack opening near the crack tip can be given by:
Du ¼ 2
ﬃﬃﬃﬃﬃ
2r
p
ﬃﬃﬃ
p
p BK þ BK
h i
; ð58Þ
where r is the distance from the crack tip.
6. Field quantities along the interface
These quantities are important for fracture and reliability is-
sues. Along the elliptical surface, zma ¼ a cos hþ pma b sin h,ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzma Þ2  ðcma Þ2
q
¼ ia sin h ipma b cos h;
zma þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzma Þ2  ðcma Þ2
q
¼ eih a ipma b
 
:
ð59Þ
The extended displacements and extended stresses in the material
along the interface may be expressed in terms of the parameter h,
um ¼ Amfm þ Amfm; Rm2 ¼ Lmfm;1 þ Lmfm;1;
Rm1 ¼ Lmfm;2 þ Lmfm;2;
ð60Þ
where
fm¼ f m1 ; f m2 ; f m3 ; f m4 ; f m5
 T
; fm;1 ¼ ofm=ox1; fm;2 ¼Pmfm;1 ;
f ma ¼Rma aa1eihþaa2eih
 
; f ma;1¼ aa1e2ihaa2
  Rma eih
iasinh ipma bcosh
  :
ð61Þ
As expected, umj ¼ ucj for h ¼ 0 or h ¼ p; wmj ¼ wcj for h ¼ p2 or
h ¼  p2, j ¼ 1;2;3;4;5.
7. Conclusions
For general cases (including mode I, mode II and mode III), ana-
lytic solutions for an elliptic inclusion in a magnetoelectroelastic
material matrix are obtained. The stress, electric and magnetic
ﬁelds in the inclusion, in the matrix, and along the interface be-
tween the inclusion and the matrix are given in explicit forms.
All results are expressed in closed-form so that materials scientists
and engineers can easily use them for the design and tailoring of
advanced magnetoelectroelastic materials.
Solutions for some special cases, such as impermeable cavity, ri-
gid and permeable inclusion, impermeable crack, rigid permeable
line inclusion, impermeable cavity, and permeable cavity can be
obtained from the established general solution. It is also found that
the general expressions derived here reduce to those known al-
ready in the literature in the special case of piezoelectric materials.
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material properties of the corresponding ﬁbrous composites. Since
all ﬁeld quantities in the inclusion and the matrix are obtained, the
overall average of the ﬁeld quantities in the ﬁbrous composites can
be obtained for any given volume fraction of inclusion. For this,
estimation of the effective material properties can be made. We
are currently conducting such research and will publish our results
in the future.
Finally, it should be mentioned that the method discussed in
this paper only applies to the case of inﬁnite and homogeneous
matrix. In practical applications, the problems of half-plane and
biomaterial are interesting and valuable. Further work is appar-
ently needed.
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Appendix A. General solution
Following Barnett and Lothe’s (1975) treatment, the three-
dimensional space is extended to a ﬁve-dimensional space in the
following steps:
(l) Deﬁne new operators
o
ox4
 0; o
ox5
 0: ðA1Þ
(2) Let u4 and u5 denote the electric potential / and the mag-
netic potential u.
(3) Deﬁne new strain components
Sij ¼ eij; Si4 ¼ S4i ¼ 12 Ei; S44 ¼ S45 ¼ 0;
Si5 ¼ S5i ¼ 12Hi; S54 ¼ S55 ¼ 0; i; j ¼ 1;2;3:
ðA2Þ
(4) Deﬁne new stress components
Rij ¼ rij; Ri4 ¼ R4i ¼ Di; R44 ¼ R45 ¼ 0;
Ri5 ¼ R5i ¼ Bi; R54 ¼ R55 ¼ 0; i; j ¼ 1;2;3:
ðA3Þ
(5) Deﬁne new elastic constant components
Cijkl ¼ cijkl; C4kl4 ¼ C4k4l ¼ Ck44l ¼ Ck4l4 ¼ 2kl;
C5kl5 ¼ C5k5l ¼ Ck55l ¼ Ck5l5 ¼ skl;
C4kl5 ¼ C4k5l ¼ Ck45l ¼ Ck4l5 ¼ bkl;
C5kl4 ¼ C5k4l ¼ Ck54l ¼ Ck5l4 ¼ bkl;
C4jkl ¼ Cj4kl ¼ Cjk4l ¼ Cjkl4 ¼ ejkl;
C5jkl ¼ Cj5kl ¼ Cjk5l ¼ Cjkl5 ¼ hjkl; i; j; k; l ¼ 1;2;3; m;n; s; t ¼ 4;5;
Cimns ¼ Cmjns ¼ Cmnks ¼ Cmnsl ¼ Cmnkl ¼ Cklmn ¼ Cmnst ¼ 0:
ðA4Þ
The extended elastic constant tensor is still symmetric
Cijkl ¼ Cklij ¼ Cjikl ¼ Cijlk: ðA5Þ
Consequently, the governing and constitutive equations can be
expressed in the ﬁve-dimensional system asSij ¼ 12 ðui;j þ uj;iÞ;
Rij ¼ CijklSkl;
Rij;j ¼ 0; i; j; k; l ¼ 1;2;3;4;5:
ðA6ÞThereafter, a repeated subscript denotes summation from 1 to 5 un-
less speciﬁed otherwise.
When ui are functions of x1 and x2 only, the general solution is
given by
ui ¼ Aif ðzÞ; z ¼ x1 þ px2: ðA7Þ
Combining Eqs. (A6) and (A7), we have
Q þ ðR þ RTÞpþ Tp2
h i
Ai ¼ 0; ðA8Þ
where
Qik ¼ Ci1k1; Rik ¼ Ci1k2; Tik ¼ Ci2k2: ðA9Þ
A non-zero solution of Ak requires that
det Q þ ðR þ RTÞpþ Tp2
h i
¼ 0: ðA10Þ
Eq. (A10) has 10 roots which cannot be real because of the positive
deﬁniteness of the strain energy, electric energy and magnetic en-
ergy densities. The 10 roots form ﬁve conjugate pairs and we shall
choose ImðpaÞ > 0 for a ¼ 1;2;3;4;5.
In general, the extended displacements and stresses can be rep-
resented as
u ¼ Af ðzÞ þ Af ðzÞ;
R2 ¼ w;1;R1 ¼ w;2;
w ¼ LfðzÞ þ LfðzÞ:
ðA11Þ
The matrices A and L have the correlation
L ¼ ðRT þ pTÞA ¼  1p ðQ þ pRÞA.
This can also be rearranged into a standard ten-equation
Nfa ¼ pafa;
N ¼ N1 N2
N3 N
T
1
 
; f ¼ A
L
 
;
N1 ¼ T1RT ; N2 ¼ T1 ¼ NT2; N3 ¼ RT1RT  Q ¼ NT3:
ðA12Þ
Since the ten-vectors are uniquely determined up to an arbitrary
multiplicative constant, they are normalized to meet the properties:
AAT þ AAT ¼ LLT þ LLT ¼ 0; LAT þ LAT ¼ ALT þ ALT ¼ I; ðA13Þ
where I is the identity matrix. Now, the mechanical electrical and
magnetic coupling problem is reduced to the standard ten-equation
(A12).
Moreover, the matrix B ¼ iAL1 is a Hermitian matrix and can
be divided into
B ¼ B1 B2
B3 B4
 
; ðA14Þ
where B1 is the 3  3 upper left-hand block and B4 is the 2  2 low-
er right-hand block. For stable materials, Barnett and Lothe (1975)
show that
B2 ¼ BT3; B1 is positive definite: ðA15ÞReferences
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